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Abstract- In this paper we have introduced a new class of analytic functions and its subclasses by using principle of
subordination with power law and obtained sharp upper bounds of the functional |a; — pa3| for the analytic function

f(z) = z+ Yr_,a,z" |z| <1 belonging to these classes.
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1. INTRODUCTION
Let A denote the class of analytic functions in the unit
disc E = {z:|z| < 1]|}of the form.

f@)=z+ ¥y ,a,2"

(1.2)
Let S be the class of analytic functions of the form (1.1),
which are analytic univalent in E.
In 1916, (Bieber Bach [3], [4]) proved that |a,| < 2 for
the functions f(z) S. In 1923, Léwner [2] proved that
las| < 3 for the functions f(z) &S..
With the known estimates |a,| < 2and |a;| < 3, it was
natural to seek some relation between a; and a,? for the
class §, Fekete and Szeg6 [5] used Lowner’s [2] method
to prove the following well known result for the class S.
Let f(z) &S, then

3—4y,ifp<0;
las — pai| < 1+2exp( )lfO <u<st;
4p—3,ifu=1.

(1.2)
The inequality (1.2) plays a very important role in
determining estimates of higher coefficients for some
sub classes § (Chhichra[6], Babalola[1]).
We define the subclasses S* and K of § in following
manner
S* denote the class of univalent starlike functions
g(z)=z+ Yy, b,z" € A satisfying the condition
zg(z)
Re (g(z)) >0,z € E.
(1.3)
K denote the class of univalent convex functions
h(z) =z + Y5, c 2™ € A satisfying the condition
Re D) 5 ¢, 7 € E.
n'(2) ’
(1.4)

We introduce the class A (e, §) of functions g(z) = z +
Yo, byz™ € A satisfying the condition

zf'(2) {zf'@Y

Re|(l—a—-B)f'(z2) +«a [10) +pB @) >0,z
€E
ie. (1-a-pB)f (z)+az;(g)+ﬁ{z;((;)} Lz

(1.5)
Let A(a,B; A B) denotes the subclass of A(a,pB)
consisting of the functions g(z) =z + Yo, bz € A
and satisfying the condition
A-a-Pf () +al@ypllOl 1h, g
B<A<1 (1.6)
Let A(a,B;6) denotes the subclass of A(a,f)
consisting of the functions g(z) =z + Y, , b,z" €A
and satisfying the condition

zf! (z) {zf (z)} 1+z 8.
(-a-p)f' @ +aL2+p 0 < (1) 8>
0 .7
And if the subclass of A(a,B) consisting of the
functions g@)=z+Yy b 2" €A
and satisfying the condition

o #'@ @) _
(1-a=pf'@+aL24pLe

(”AZ) i—1<B<A<1;6>0 (1.8)

1+Bz

is denoted by A(a, B; 4, B; 9).

Here it is to be noted that
(1) A(a,p;A,B;1) = A(a, ;A B)
(i) A(a,p;1,-1;6) = A(a, B; 6)
(i)  A(a,p;1,-1) = A(a,p)
(iv)  Ala,p;1) =A(a,p)
(V) A(1,0) =S*
(vi) A0,1) =X
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Symbol < stands for subordination, which we define as w(0)=0and |w(z)|<1 such that f(z)=
follows: F(w(2)); z€E and we write itas f(z) < F(2).
PRINCIPLE OF SUBORDINATION: Let f(z) and Let U denote the class of analytic bounded functions of
F(z) are two functions which are analytic in E. Then the form

f(2) is called subordinate to F(z) in E, if there exists a w(z) = Yo, d,z™,w(0) =0,|w(2)| < 1

function w(z) analytic in E satisfying the conditions (1.9)

Itis knownthat |d;| < 1and |d,| <1—|d,|>

2. MAIN RESULTS AND DISCUSSION
Theorem 2.1 if f(z)€ A(a, B), then the result

286 \* ((4 — 2a+ a2 + 8pB) , 85(4 — 20+ a® + 8B) — (2 — a)?
( ) —ulifu < 2.1)
2—« 23—a+3B) 26(3 —a +3B)

28 8(4 — 20+ a? +8B) — (2 —a)? 8(4—2a+ a® +8B) + (2 — a)?
la, — pad] < et +8p) - @) | _S@-2at o 4BH Q@ ),
(B —a+3B) 26(3 — o+ 3p) 26(3 — a + 3B)

(25 )2 (4 —2a+a®+8p)) >8(4—2a+a2+88)+(2—a)2 )3
2—o) M T 2@ —a+3p) M7 28(3 — a + 3B) 23)
Is sharp.
Proof: By the definition of A (a, 8), we have
Ca— R f@ , ol @) _ (142)°
(1- =@ +afa+ s < () (2.4)
On expanding (2.4), we have
1+Q2 - a)az+ {3 —a+3B)a; — (a + 4B)az}z? + — — —= 1+ 28c,z + 26(c, + 6¢2)z2 + — — — (2.5)
From the equation (2.5), we have
28
a; = 2 aC1
2 L [0 — 20+ o +8R)) (2.6)
=~ G—arm|® 2 - )2 a
Using (2.6), we have
. 26 N 26%(4 -2+ +8B)  45%u )
BTN B 3T | Boa+3pZ -2 2-w?2]?
This leads to
26 26%(4 — 2a+ a® + 8B) 482 26
_ 2| < _ _ 2
las —wazl < T3 T {| G-a+3p)Z-a2 C-o?f G-o+ 33)} et @7
Now two cases arise
Casel: when < F 24T C+8B) 1 inequality (2.7)leads t
asel: when u = 2(3—(X+3B) , then mequality . eads to
26 26%(4 — 2a+ o + 8B) 452 26
lag — pa3| < + - - lcf]
B—-a+3p) B—-a+3B)2 —a)? 2-a)? @B—-a+3p)
Which feather leads to
26 26 5(4—2a+a?+8B)— (2 — a)?
_ 2| < _ 2
|a3 P—azl - (3_(X+3B)+(2_(X)2{ (3_a+38) 26:“ |Cll (28)

Under this case, two sub cases arise
5(4—2a+a?+8B) — (2 —a)?

Subcase I(a): when u < , then inequality (2.8)leads to

26(3—a+3B)
26 26 (6(4—2a+a®+8B)—(2— a)?
|lag — paj| < + ( b )—25,U
B-a+3B) (2-a)? B—-a+3p)
26 \* ((4 =20+ a® + 8B)
— yall < -

123 “32|—(2—a){ 2(3 — a + 3B) “} (28.1)
Subcase I(b): when g > S T2t @+ 8B~ @ —)® L ualit (2.8)leads t

ubcase I(b): when yu > 26(3 — o+ 3) , then inequality (2.8)leads to
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laz — pa3| < <GB Zat3p (2.8.2)
Casell: when y > 2% F CH8B) o inequality (2.7)leads ¢
asell: when u > 2G—o+3p) en inequality (2.7)leads to
26 45%n 5(4—2a+ a® +8B) + (2 — a)?

lag — pa3| < + o 5 |cf] (2.9)

B-a+3B) (2-w B-a+3p)2 -
Now again two subcases arise under the case II.
Sub I1( N <6(4—2a+a2+8[3)+(2—a)2 b
ubcase II(a): when u < 2603 —a+3p) ,we have
| 2| < 26 2.9.1
a3 Haz—(g_a+38) ()
Sub 11(b): wh >5(4—20{+0(2+8[3)+(2—0L)2 b
upcase .when u =2 25(3—(X+3B) , We have
| 2|<(25 )2 (4 — 20+ a® + 8B) 292
B =0T M T T 23w+ 3B) (29.2)
Combining the results of subcase 1(b) and subcase I1(a), we get
a, < 26 _f6(4—2a+a2+88)—(2—(x)2< <6(4—20(+0(2+8[3)+(2—0()2

hasl < 3 =47 3p) 26(3 —a + 3B) =H= 26(3 —a + 3B)

This completes the theorem. The result are sharp.
Extremal function for inequalities (2.1) and (2.3) will be as follows:

q
q—2p \a-2p
fl(z)=z<1+ z)
Ja
N (28 \*((4—20a+o® +8p) dae 26 \*
Werep_(z—a){ 2(3 — a + 3B) } and a= (2—a>

Extremal function for inequalities (2.2) leads to
5

fo(2) = z(1 + 22)G-a+3B)

Theorem 3.1 if f(z)€ A(a, B), then the result
52 (A - B)Z {{S(A —B)—(A+B)}(2-0)?+28(a+4B)(A—B) }
2—a 26(A—B)(3 — a + 3p) Hy
, {6(A—B) — (A+B) —2}(2 — a)? + 28(a + 4B)(A — B)
it < 26(A—B)(3 — a + 3B) 3D
(A—B)§ . {8(A—B)—(A+B)—2}(2 — a)* + 28(a + 4B)(A — B)

las — pa2| < (3—(x+3[3) 286(A—B)(3—a+3B)
{8(A B)—(A+B)+2}(2 — a)2 + 256(a + 4B)(A — B)
26(A—B)(3 —a + 3p) (3.2)
52 (A - B) { {8(A—B) — (A+B)}(2 — )2 + 28(a + 4B) (A — B)}
2—o) M 26(A—B)(3—a + 3p)
{8(A B)— (A+B)+2}(2 —a)2 + 26(a + 4B)(A — B) 33
if 75(A—B)(3 — a + 30) (33)
is sharp.
Proof: By the definition of A (a, B), we have
! ! 1+Az s
(1= B @) + a2 4 gl Ol  (1ar) (34)
On expanding (3.4), we have
1+Q2 —a)a,z+ {(3—a+3B)a; — (a + 4B)a3}z* + — — —=1+ (A— B)6c,z + [6(A - B)c, +g(A - B){6(A -
B)—(A+ B)}clz] 24— —— (3.5)
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From the equation (3.5), we have

6(A—-B)
_ 8(A—B) 1 (¢ +4B)6(A-B)| , '
Lag—m[cz+[§{5(14_3)_(14+3)}+ (2—0()2 ]Cl]

Using (3.6), we have

5(A-B) 5(A-B) (1 (e +4B)5(A—B)) (A-B)2%| ,
TR T BT TR [(3 oc+3B){ BA=B) =~ A+ B+ =5 % }_ 2 - a2 ]Cl
This leads to
5(A-B)
lag — pa3| < m 2
5(A—B) (|{6(A—B) — (A+B)}2 — a)* + 2(a + 48)5(A — B)
+L@—ay{ G-a+3p) _Z“A_m4}
(S(A B 1.,
a+38)]| crl (3.7)

Now two cases arlse
{(6(A—=B)—(A+B)}2—a)* +2(a + 4B)5(A — B)
26(A—B)(3 — a+ 3p)

Casel: when u <

6(A—B)
szl S T

,then inequality (3.7)leads to

S(A—B) ([{6(4—-B)—(A+B)}2—a)®*+2(a+4L)6(A—B)
+L@—ay{ G—a+3p) _Z“A_m4}
5(A B)
T B-a+ 38)] et
Which feather leads to
6(A—B)
la; - paz| < (3 —a+3p)
85(4—B) ([{6(A-B)—(A+B)—-2}2 - a)* +2(a +4B)5(A - B)
2(2—a)2{ B—a+3p)
—26(A—-B)u } e (3.8)

Under this case, two sub cases arise
{6(A—B)—(A+B)—2}2—a)*+2(a +4B)6(A—B)
26(A—B)(3—a+3pB)

Subcase I(a): when u < ,then inequality (3.8)leads to

S(A—B)  8(A—B) ({§(A—B)— (A+B) — 2}(2 — @) + 2(a + 48)5(A — B)
lag - pa3| < =GB- oc+3[3)+2(2—a)2{ 26(A— B)(3 — o+ 3p) 28(‘4_3)“}
8%(A=B)* (((A=B) — (A+ B2 -~ @)’ +2(a +4B)5(A—B)
lag — pag| < 2 —a) { 26(A—B)(3 — o + 3p) (38.1)

{6(A—-B)—(A+B)—2}2 - a)*+2(a +4B)6(A—B)

: >
Subcase I(b): when 26(A—B)(3 — o+ 3B)

(A—-B)§

,then inequality (3.8)leads to

laz — pa3| < G-a+3p) (3.8.2)
Casell: when u > -5 - (2;(j)i(z)_(3az :4_2;(:3;- 46)5(4 ~ B) , then inequality (3.7)leads to
5(A—B)
lag — pa3| < G-at3p
5(4-B) 26(A—B
MTOETSE { (A—B)u
{6(A-B)-(A+B)+2}2—-a)* +2(a +4B)5(A-B)|] , , 39
- G- a+3p) ‘%“' G2
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Now again two subcases arise under the case II.

{(A-B)—(A+B)+2}2-a)?+2(a+4B)6(A—B)

Subcase II(a): when p <

6(A—-B)

Rl — 7
laz — paz| =B —a+3p)

26(A—B)(3 — a+ 3B)

, then inequality (3.9)leads to

(3.9.1)

{(A—B)—(A+B)+2}2—a)*+2(a + 4B)6(A—B)

Subcase II(b): when p >

lag — pa3| <

26(A—B)(3 — a+ 3p)

,then inequality (3.9)leads to

2-a)

5%(A — B)? {6(A-B)—(A+B)}2—-a)*+2(a+4B)5(A—B)

{ B 26(A—B)(3—a+3p) } (39.2)
Combining the results of subcase I(b) and subcase I1(a), we get
§8(4—-B) {6(A-B)—-(A+B)-2}12—-a)*+2(a+4B)6(A4—-B)

a2
s~z < 3 T3y ! 26(A—B)(3 — o+ 3p) = H#
- {6(A—-B)—(A+B)+2}2—-a)* +2(a +4B)6(A—B)
- 206(A—-B)(3—a+3B)
This completes the theorem. The result are sharp.
Extremal function for inequalities (3.1) and (3.3) will be as follows:
@ =2(14 7 2)
Z) =12 Z
! Vs
b B §2(A-B)? ({6(4—B)— (A+B)}2—a)*+ 2(a + 48)5(A—B) B 6%(A — B)?
N IS E 26(A—B)(3 — a + 3p) MES= T e

Extremal function for inequalities (3.2) leads to
[

£(2) = {1+ (A — B)Z}B-a+3P)

3. CONCLUDING REMARKS

If we take A=1and B =-1 in the result of theorem 3.1,
we get the result of theorem 2.1, therefore our result for
the theorem 3.1 reduces to the result of the theorem 2.1.
Hence theorem 3.1 is the generalization of theorem 2.1.
And the results are sharp.
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